The nonlinear response of multi-layered composite cylindrical shell panels subjected to thermomechanical loads are studied in this article. The structural model is based on the first order shear deformation theory incorporating geometric nonlinearities. The nonlinear equilibrium paths are traced using the arc-length control algorithm within the framework of finite element method. Hashin's failure criterion has been adopted to predict the first-ply failure of cylindrical laminates. Both temperature independent and temperature dependent elastic properties are considered in the analysis. Specific numerical results are reported to show the effect of radius-to-span ratio, thickness-to-span ratio, laminate stacking sequence, and boundary condition on stability characteristics of laminated cylindrical shell panels subjected to combined thermal and mechanical transverse loads.
Introduction
The increasing use of composite panels in thin walled structural components of aerospace, defense, rector vessel, and other high performance application areas have necessitated a strong need to understand their response characteristics under thermomechanical loads. The research studies in this area are reviewed and well documented by Tauchert ͑1991͒, Noor and Burton ͑1992͒, Thornton ͑1993͒, and Argyris and Tenek ͑1997͒. From the review, it is observed that thermomechanical buckling and postbuckling analyses of laminated plates have received considerable attention of researchers. However, limited work has been reported on the stability and strength characteristics of composite cylindrical shell panels subjected to a combination of thermal and mechanical loads.
Few analytical investigations on the thermomechanical buckling and postbuckling behavior of laminated closed cylindrical shells/open cylindrical shell panels are reported in the recent literature. Eslami et al. ͑1996͒ , and Eslami and Javaheri ͑1999͒ obtained the thermal buckling load of thin cylindrical shells for a number of practical thermal loading conditions, based on the Donnell and improved Donnell equations. Birman and Bert ͑1993͒ carried out buckling and postbuckling analyses of composite plates and cylindrical shells subjected to elevated temperature and axial compression using a nonlinear thermoelastic version of Love's first approximation theory. Librescu et al. ͑1995, 2000b ,a͒ employed Galerkin's method to solve the generalized classical von Karman-Marguerre-Mushtari nonlinear shallow shell equations and investigated the response of simply supported transversely isotropic single-layer and three layer sandwich cylindrical panels under thermomechanical loads. In these papers ͑Librescu et al. 1995, 2000b ,a͒, the out-of-plane displacement, temperature, lateral pressure fields, and geometric imperfection were expressed as a single mode of a Navier-type double Fourier sine function, and an Airy-type stress function was used to eliminate the inplane forces. Shen ͑1997, 2002͒ employed a singular perturbation technique together with an assumed mode shape in the form of double sine or cosine function to solve a boundary layer theory of shell buckling and investigated the thermo-mechanical postbuckling behavior of laminated cylindrical shells and shell panels.
For accurate solution, the assumed mode shape in the analytical approach should have more terms, thus leading to more numerical work. Numerical methods such as finite element procedure is preferable over the analytical methods, while studying the nonlinear response of structures, as there is no need for an a priori assumption of the mode shapes, as the solution itself predict the mode shapes.
Thangaratnam et al. ͑1990͒, Chen and Chen ͑1990͒, and Chang and Chiu ͑1991͒ carried out thermal buckling analysis of composite cylindrical and conical shells/shell panels using the eigenvalue approach within the framework of the finite element method. However, bifurcation type of buckling instability may not exist in thermally loaded cylindrical shell panels. Huang and Tauchert ͑1991͒ have carried out large displacement finite element analysis of laminated flat and curved panels under thermal loads and predicted the laminate strengths with Tsai-Hill failure criterion. More recently, Lee et al. ͑2002͒ investigated the nonlinear response of thin, shallow patched laminated cylindrical panels using the finite element method. Madenci and Barut ͑1994͒ and Noor and Peters ͑1996, 1999͒ employed the finite element method to investigate the nonlinear response of laminated cylindrical panels with cutouts subjected to thermal and themomechanical loads, respectively. It is clear from the above discussion that not much work has been done on the response of cylindrical panels subjected to temperature and transverse loads. Moreover, the existence of bifurcation type instability in composite panels has not been investigated in detail. Further, most of the earlier researches were confined to the stability aspects only, without any attention for its strength criteria, which is essential from practical point of view. Very often, stresses developed in shell panels are enough to initiate failure of lamina due to breakage of fiber or crushing of matrix. Rasheed and Tassoulas ͑2002͒ studied the collapse of composite rings under external pressure, where material progressive failure is accounted for using Hashin's failure criterion.
The present study extends the authors' previous works ͑Singha 2001; Singha et al. 2003͒ for the case of composite cylindrical panels under combined thermal and mechanical transverse loads. A 16-noded isoparametric mixed interpolation of tensorial components ͑MITC͒ degenerated shell element is employed here for the nonlinear analysis of composite cylindrical panels under thermomechanical loads. The nonlinear equilibrium paths are obtained using the arc-length control method. The question of existence of bifurcation type of instability in the case of thermally loaded cylindrical panels has been addressed in this article. The scope of the present work has been limited to perfect laminated cylindrical shell panels. The first-ply failure of cylindrical panels has been predicted using Hashin's ͑Hashin 1980͒ failure criterion. Both temperature independent and temperature dependent material properties are considered in the analysis. The effects of radius-to-span ratio, span-to-thickness ratio, boundary conditions, and laminate stacking sequence on the stability characteristics of composite cylindrical panels under thermomechanical loads are investigated in details.
Finite Element Formulation
The global coordinates ͑ t x i , i = 1,3͒ of a generic point at time t in the shell element ͑see Fig. 1͒ undergoing very large displacements and rotations can be expressed as ͑Bathe 1996͒
where N k = interpolation functions associated with node k; t x i k = global coordinates of node k at time t, i = 1,2,3; h k = shell thickness at node k; and t V ni k = normal to the shell midsurface at node k, of the 16-noded isoparametric finite element.
The displacement components at time t ͑ t u i , i = 1,3͒ and the increment in displacement components from time t to t + ⌬t ͑u i , i = 1,3͒ are expressed as
where
͑4͒
Now the changes in direction cosines of the shell normal, given by V ni k may be expressed in terms of rotations ͑␣ k , and ␤ k ͒ about two vectors t V 1 k and t V 2 k that are orthogonal to t V ni k at time t. In the updated Lagrangian formulation, the equation of equilibrium with incremental decomposition of stresses and strains are written as
where the stresses t+⌬t R = virtual work of the applied loads. Further, t e ij and t ij = linear and nonlinear strains, respectively; and t ij = Cauchy stress components. Since, the structural model is based on first-order shear deformation theory a transverse shear correction factor of 5 / 6 is used to account for the discrepancies between the constant state of shear strains in the first-order theory and the parabolic distribution of shear strains in the elasticity theory.
In the "classical theory" the transverse shear strains are neglected. Hence, the results corresponding to classical theory are obtained by neglecting transverse shear strains ͑ t 13 and t 23 ͒ in Eq. ͑5͒.
In the updated Lagrangian formulation the covariant components of Green-Lagrange strain tensor ij DI may be written as
Here, the superscript DI indicates that the strains are obtained by direct interpolation by using the finite element displacement assumptions and t+⌬t g i and t g i = covariant base vectors ͑Bathe 1996͒ associated with convected coordinates r i at time t and t + ⌬t, respectively. This coordinate system is defined element-wise by the element isoparametric coordinates r, s, t ͑r 1 = r, r 2 = s, r 3 = t͒.
The linear and nonlinear parts of the strain t ij DI may be written, respectively, as 
Eq. ͑8͒ is the same as von Karman nonlinearity in the rectangular Cartesian coordinate system. The mixed-interpolated elements are constructed by using the assumed strain fields ij AS in place of ij DI . Here, the subscripts and superscripts relating to time ͑t to t + ⌬t͒ are omitted for clarity. The covariant strain components ij AS are defined as
where N k ij ͑r , s͒ = interpolation functions ͑polynomials in r and s͒ associated with the strain component ij at tying point k and n ij = number of tying points as described in Bathe ͑1996͒. After simplifications, the incremental linearized finite element equilibrium equation may be written as
where ͓ n n K L ͔ = linear strain incremental stiffness matrix; ͓ n n K NL ͔ = nonlinear strain ͑geometric or initial stress͒ incremental stiffness matrix; ͕F͖ = load vector; ͕d͖ = displacement vector; and ͕ n n F͖ = vector of nodal point forces equivalent to element stresses at nth equilibrium state. The stiffness matrices are evaluated with full numerical integration, i.e., 4 ϫ 4 Gauss integration for the 16-noded element.
The nonlinear governing equilibrium Eq. ͑10͒ are solved using the arc-length control method ͑Crisfield 1983͒ to study the nonlinear response of composite cylindrical panels under thermomechanical loads. The variation of nondimensional central displacement ͑w c / h͒ is presented with the nondimensional load parameter P for uniformly distributed lateral pressure and Q for a central concentrated load. The load parameters P and Q are defined as follows:
Here, q 0 = intensity of uniformly distributed lateral pressure and P c = central point load.
Hashin's failure criteria ͑Hashin 1980͒ has been used to predict the first-ply failure ͑i.e., fiber breakage or matrix cracking or crushing͒ of the cylindrical shell laminate. According to Hashin's failure criteria, the fiber failure in tension is said to have occurred if the stresses satisfy the following condition:
The fiber is said to have failed in compression if
The matrix cracking or the matrix failure in tension will occur if stresses satisfy the following inequality: Geometry and boundary conditions of pinched cylindrical shell ͑R = 300 in., L = 600 in., h = 3 in., E = 3.0ϫ 10 6 psi, = 0.3͒. Because of symmetry, only 1/8 of shell is modeled. and X c ,Y c = lamina strengths in compression in 1 ͑X͒ and 2 ͑Y͒ directions, respectively, and R, S, and T = shear strengths of the laminate in 1-2, 1-3, and 2-3 planes, respectively.
Results and Discussion
Before investigating the thermomechanical postbuckling analysis of laminated cylindrical panels in detail, the formulation developed herein is validated against available results in the literature. Thereafter, a detailed study is carried out considering multilayered cross-ply and angle-ply laminated cylindrical roof structures for which results are not available in the literature. Initially results are presented for five-and eight-layered cylindrical panels with temperature independent material properties. The influences of thermal, mechanical, and thermomechanical loads on the equilibrium path of the shell panel are studied for various boundary conditions. At the end, the lamina first-ply failure is predicted using Hashin's failure criterion and adopting temperature dependent elastic and strength properties. The present results were obtained by discretizing the shell panel by using a 16-noded MITC element.
Validation

Isotropic pinched cylinder:
The cylinder has rigid end diaphragm and is subjected to a pair of pinching loads ͑Fig. 2͒. One eighth of the cylinder is considered due to symmetry. This is one of the test problems available to evaluate the performance of shell elements. The convergence of deflection at the load point is reported in Fig. 3 . The arc-length control method is adopted for tracing the equilibrium path of the cylindrical shell panel. From Fig. 3 , it may be observed that 2 ϫ 2 mesh over a quarter of the shell panel gives converged results. Also only one element over a quarter of the shell panel gives sufficiently correct result. 3. Orthotropic cylindrical panel with thermal load: Thermal response of a simply supported orthotropic cylindrical shell panel is compared in Fig. 4 with those of Huang and Tauchert 
Only Thermal Load
The nonlinear response of a hinged immovable ͑BC 1͒ and thin ͑a / h = 100, a = b͒ cylindrical shell panel subjected to uniform temperature rise are presented in Fig. 5 for three different symmetric layups ͓0°/90°/0°/90°/0°͔, ͓45°/ −45°/ 45°/ −45°/ 45°͔, and ͓0°/90°͔ 2s . The nondimensional central displacements ͑w c / h͒ are plotted against temperature for two different values of radius-of-curvature-to-span-ratio ͑R / a = 5 and 10͒. It is observed that the central displacement increases almost linearly with the increase of temperature for all cases. It may be mentioned here that the shell panel deflects upward due to rise in temperature. The increase of central displacement for the case of angle ply ͓45°/ −45°/ 45°/ −45°/ 45°͔ laminates is more than those of the cross-ply ͓0°/90°/0°/90°/0°͔ laminates. Further, the increase of central displacement is more for the case of R / a = 10 than that of R / a = 5. Fig. 6 shows the effect of boundary condition on the nonlinear response of eight-layered ͓0°/90°͔ 2s composite cylindrical panel under thermal load. It may be observed that the boundary condition of the panel has a significant influence on the temperature-displacement curves. The bifurcation type of instability does not occur in any case. The responses of the panels with Boundary Conditions 1 and 3 ͑BC 1 and BC 3͒ are similar, and no instability is observed here for the temperature range considered. However, in the case of cylindrical panels with Boundary Condition 2 ͑BC 2͒, the central displacement increases rapidly after a certain temperature with a marked "softening behavior."
Only Lateral Pressure
The nonlinear response of cylindrical panel under uniformly distributed lateral pressure q 0 is considered next. The variation of the nondimensional load parameter P ͑P = q 0 R x 2 / E 2 h 2 ͒ of a thin ͑a / h = 100, a = b͒ laminated cylindrical panel with the Boundary Condition 3 ͑BC 3͒ are presented in Fig. 7 with nondimensional central displacement ͑w c / h͒. It is observed that with the increase of curvature, the load-displacement curves become more complicated with a sharp snapback phenomenon.
The effect of shear deformation on the response of eightlayered ͓0°/90°͔ 2s cylindrical panel with BC3 boundary condition under uniformly distributed load is shown in Fig. 8 . From  Fig. 8 it is clear that the shear deformation marginally reduces the load carrying capacity of thin panel ͑a / h =50͒ and this reduction in load carrying capacity becomes magnified for thicker panels ͑a / h =10͒. 
Lateral Pressure with Thermal Load
Nonlinear equilibrium paths of thin ͑a = b,a / h = 100͒ eight-layered ͓0°/90°͔ 2s hinged ͑BC 1͒ cylindrical panels under combined thermal and mechanical loads are presented in Fig. 9 for radiusto-span ratio 8 and 10 ͑R / a = 8,10͒. Five different thermal fields ͑T = 0, 20, 40, 60, and 80°C͒ are considered in addition to uniformly distributed lateral pressure q 0 . It is observed that the thermal load initially ͑marginally͒ increases the load carrying capacity of the panel. This is because thermal load produces upward displacement, whereas mechanical load causes downward displacement. All the equilibrium paths intersect one another at the same point. Initially the shell panel loses its stiffness. However, after crossing the intersection point, they show hardening behavior for all temperatures. Moreover, after crossing the intersection point, at a higher lateral pressure, the thermal load increases the displacement marginally. Similar study on a thin ͑a = b,a / h = 100͒ eight-layered ͓0°/90°͔ 2s cylindrical panel with Boundary Condition 3 ͑BC 3͒ is presented in Fig. 10 . Initially for both cases considered here, higher thermal loads give higher limit point load. After the limit point, the panel exhibits softening type behavior. Here, the panel exhibits sharp snap through phenomenon with the increase of thermal load. From the preceding Figs. 9 and 10, it is seen that from changing boundary conditions from BC3 to BC1, one could altogether avoid snap through behavior.
First-Ply Failure Analysis
Finally, the effect of temperature dependent elastic properties and strengths on the thermomechanical stability and strength The effect of span-to-thickness ͑a / h͒ ratio on the nonlinear behavior of an eight-layered ͓0°/90°͔ 2s graphite/epoxy cylindrical panel ͑R / a = 10, BC 3͒ under uniformly distributed load is shown in Fig. 11͑a͒ and under a central concentrated load is reported in Fig. 11͑b͒ respectively. It may be observed that thin panels ͑a / h = 100͒ exhibit snap through instability, whereas thick panels ͑a / h =25͒ show hardening type of behavior. Moreover, for the case of thick panels ͑a / h =25͒ under uniformly distributed load, the top-layer fiber is found to fail in compression ͓see Fig. 11͑a͔͒ , whereas, for the case of thick panels ͑a / h =25,50͒ under central concentrated load, the inner-layer matrix is found to fail in tension, i.e., matrix cracking ͓Fig. 11͑b͔͒.
Nonlinear equilibrium paths of a thick ͑R / a = 10, a = b,a / h =25͒ eight-layered ͓0°/90°͔ 2s graphite/epoxy cylindrical panel ͑BC 3͒ under thermomechanical loads are presented in Fig. 11͑c͒ . Three different thermal fields ͑change in temperature T = 0, 50, 100°C, reference temperature is 20°C͒ are considered in addition to uniformly distributed lateral pressure q 0 . It is observed that the thermal load marginally increases the load carrying capacity of the panel in the beginning. However, after certain displacement, at a higher lateral pressure, the thermal load increases the displacement marginally.
Conclusions
The higher order 16-noded MITC shell element has been extended for the case of laminated composite cylindrical shell panels under combined thermal and mechanical loads. The nonlinear response of the panel subjected to uniformly distributed lateral pressure or uniform temperature rise, or combined thermomechanical loads are studied using the arc-length control method. The failure mechanism of graphite/epoxy laminated cylindrical panels under thermomechanical load is investigated considering temperature dependent material properties. From the above study, the following conclusions are drawn: 1. The cylindrical panels in general do not exhibit bifurcation type of instability under thermal load alone. A nonlinear analysis is essential to understand its response; 2. The thin cylindrical panels show a softening behavior ͑snap-through phenomenon͒, whereas the thick panels show a stiffening behavior under mechanical load alone. Further with the increase of curvature, the snap through behavior increases rapidly; 3. In the case of shell panels subjected to both temperature and mechanical loads, the increase in temperature increases the load carrying capacity up to the limit point. However, after snap-through buckling the increase in temperature increases the displacement; 4. Boundary condition plays an important role in the stability characteristics of cylindrical panels under thermomechanical loads; and 5. For the case of uniformly distributed lateral pressure, the top-layer fiber is found to fail in compression, whereas for the case of localized concentrated force, the inner-layer matrix is found to fail in tension ͑matrix cracking͒.
Notation
The following symbols are used in this paper: a , b ϭ dimensions of shell panel in plan; E L , E T ϭ Young's modulus in fiber and transverse to fiber directions; Fig. 11 . ͑a͒ Effect of span-to-thickness ͑a / h͒ ratio on nonlinear behavior of graphite/epoxy cylindrical panel ͑BC 3͒ under uniformly distributed load ͑R / a = 10,a = b͒; ͑b͒ effect of span-to-thickness ͑a / h͒ ratio on nonlinear behavior of graphite/epoxy cylindrical panel ͑BC 3͒ under central concentrated load ͑R / a = 10,a = b͒; and ͑c͒ effect of temperature on nonlinear behavior of hinged ͑BC 3͒ eight-layered ͓0°/90°͔ 2s graphite/epoxy cylindrical panel under uniformly distributed load ͑a = b,a / h = 25, R / a =10͒
